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Considering the general structure of the two point functions of quarks and gluons, we
compute the free energy and pressure of a strongly magnetized hot and dense QCD matter
created in heavy-ion collisions. In the presence of a strong magnetic field we found that
the deconfined QCD matter exhibits a paramagnetic nature. One gets different pressures in
directions parallel and perpendicular to the magnetic field due to the magnetization acquired
by the system. We obtain both longitudinal and transverse pressures, and magnetization of
hot deconfined QCD matter in the presence of the magnetic field. We have used hard thermal
loop approximation for the heat bath. We obtained completely analytic expressions for
pressure and magnetization under certain approximations. Various divergences appearing in
free energy are regulated using appropriate counterterms. The obtained anisotropic pressure
may be useful for a magnetohydrodynamics description of a hot and dense deconfined QCD
matter produced in heavy-ion collisions.
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2I. INTRODUCTION
Quantum chromodynamics (QCD) is the theory of the strong interaction that has two important
features. One is the feeble interaction of quarks and gluons at high energy, and the other one is the
confinement in which the interaction strength becomes strong at low energy. A transition between
these two phases, namely confined to a deconfined state of hadronic matter known as quark-gluon
plasma (QGP), is supposed to occur at around the energy scale or temperature 160 MeV. In the
early universe such a state of matter is presumed to be created after a few microseconds of big-bang.
It can also exist in the core of neutron stars as matter density is much higher than the normal
nuclear matter density. Various high energy heavy-ion experiments are underway in laboratories
(LHC at CERN and RHIC at BNL) to study the formation of QGP and its properties for unraveling
the characteristics of the QCD phase diagram. Future experiments are also planned in FAIR at
GSI and NICA at Dubna to explore the high baryon density domain of the QCD phase diagram.
In recent years much attention has been paid in non-central heavy-ion collisions (HIC) where
a magnetic field as high as (10 − 30)m2pi can be generated in a direction perpendicular to the
reaction plane. This magnetic field is primarily created when the spectators recede from each other.
This magnetic field strength, however, also decreases very fast to (1 − 2)m2pi after a timescale of
(4 − 5)fm/c. The presence of an external magnetic field introduces an extra energy scale in the
system in addition to the scales (gT and T ; g is the strong coupling) associated with a heat bath.
One can work with two limiting cases: the strong magnetic field limit (eB > T 2) and the weak
magnetic field limit (eB < T 2). We note that the presence of an anisotropic magnetic field in
the medium requires an appropriate modification of the present theoretical tools to investigate
various properties of QGP. In recent years numerous activities have been in progress such as
magnetic catalysis [1–3], inverse magnetic catalysis [4–12] and chiral magnetic effect [13–15] at
finite temperature, and the chiral- and color-symmetry broken/restoration phase [16–20]. Also in
progress is the study related to the equation of state (EoS) in thermal perturbative QCD (pQCD)
models [21, 22], holographic models [23, 24] and various thermodynamic properties [19, 20, 25, 26],
refractive indices and decay constant of hadrons [27–34]; soft photon production from conformal
anomaly [35, 36] in HIC; modification of dispersion properties in a magnetized hot QED [37, 38] and
QCD [38–41] medium; and various transport coefficients [42–44], properties of quarkonia [45, 46],
synchroton radiation [47], dilepton production from a hot magnetized QCD plasma [47–52] and in
strongly coupled plasma in a strong magnetic field [53].
The EoS is an important quantity and is of phenomenological importance for studying the hot
3and dense QCD matter, QGP, created in the relativistic heavy-ion collisions. This is because the
EoS determines the thermodynamic properties of a hot and dense medium. Also the time evolu-
tion of the hot and dense fireball is studied through hydrodynamic models that require an EoS
of the deconfined QCD matter as an input. In the absence of a magnetic field the EoS has sys-
tematically been computed in lattice QCD (LQCD) [54–56] and in hard thermal loop perturbation
theory (HTLpt) within two loop [next-to-leading order (NLO)] [57] and three loop [next-to-NLO
(NNLO)] [58–64] at finite temperature and chemical potential. On the other hand as high magnetic
fields are being produced in noncentral HIC, they subsequently decrease with the expansion of the
fireball. Such systems, i.e. the expansion dynamics of a thermomagnetic medium, are governed
by magnetohydrodynamics [65, 66] that require a magnetic field dependent EoS as an input. In
view of this, a systematic determination of EOS for a magnetized hot QCD medium is of great
importance. Some LQCD effort has been made in Ref. [68] that is limited to the temperature
range (100-300)MeV. Recently we have computed [21] the thermomagnetic EoS for the hot mag-
netized QCD medium within the weak magnetic field and HTL approximation. Also using HTL
approximation, some thermodynamic quantities in lowest Landau level (LLL) within the strong
field approximation has been numerically computed in Ref. [22]. However, for the gluonic case,
this calculation assumes that the only effect of the magnetic field is to shift the Debye mass with-
out any change in the general structure of two point functions at the finite temperature. It has
explicitly been shown [38–41] that the presence of an external magnetic field breaks the rotational
symmetry and the situation is quite different from what has been assumed in Ref. [22]. This seeks
an improvement of the general structure of two point functions used in Ref. [22].
In view of this we systematically compute the EoS within strong field approximation by exploit-
ing the general structure of effective propagator of quarks and gluons in a thermomagnetic QCD
medium. In the strong field limit, the magnetic field pushes higher Landau levels (HLL) to infin-
ity compared to the lowest Landau level (LLL) [48]. Thus we work with the LLL approximation
along with a scale hierarchy eB > T 2 > m2f , where mf is the intrinsic mass scale associated with
quarks. We also compute the magnetization which indicates that the deconfined hot and dense
QCD matter is paramagnetic in nature. We further note that, in the presence of a strong magnetic
field, we take into account the anisotropy between longitudinal and transverse pressures which is
created due to the fact that the system acquires a magnetization along the field direction and is
likely to elongate more along the direction of the magnetic field. We obtain a completely analytic
expression for anisotropic (both longitudinal and transverse) pressures and magnetization under a
certain approximation.
4The paper has been organized as follows. In Sec. II we describe the basic setup for the com-
putation of the free energy in this manuscript. In Sec. III we discuss the general structure of
fermion self-energy in the presence of a strong magnetic field, the effective fermion propagator and
associated form factors, and the quark free energy in one loop up to O(g4). The hard and soft
contributions of gluon free energy up to O(g4) are also calculated in Sec. IV within one-loop HTL
approximation. In Sec. V the pressure of an anisotropic system is discussed. We discuss our results
in Sec. VI. Finally, we conclude in Sec. VII.
II. SETUP
The total thermodynamic free energy up to one-loop order in HTLpt in the presence of a
background magnetic field, B, can be written as
F = Fq + Fg + F0 + ∆E0T + ∆EBT (1)
where Fq and Fg are, respectively, the quark and gluon part of the free energy which will be
computed in presence of magnetic field with an HTL approximation. F0 is the tree level contribution
due to the constant magnetic field, given as
F0 → 1
2
B2 + ∆EB20 , (2)
where ∆EB20 is a counterterm of O[(qfB)2] from vacuum as we will see later. The ∆ET is a
counterterm independent of the magnetic field (viz. O[(qfB)0T 4] )as
∆E0T = ∆EHTLT + ∆ET , (3)
where ∆EHTLT is the HTL counterterm [63, 64]. The counterterm ∆ET arises due to the quark loop
in the gluonic two point function in presence of magnetic field but the field dependence explicitly
gets canceled from the denominator and numerator as we will see later. Finally, the counterterm
∆EBT is of order O[(qfB)T 2] and O[(qfB)3/T 2] .
The pressure of a system is defined as
P = −F. (4)
We also note the QCD Casimir numbers are CA = Nc, dA = N
2
c − 1, dF = NcNf and CF =
(N2c − 1)/2Nc where Nc is the number of color and Nf is the number of quark flavor.
5III. QUARKS IN A STRONG MAGNETIC FIELD
A. General structure of fermion self-energy in strong field approximation
It is established that the presence of a heat bath breaks the Lorentz(boost) invariance, whereas
the presence of a magnetic field, B, breaks the rotational symmetry of the system. In such a
situation one needs to construct a manifestly covariant structure of the self-energy. The presence
of a heat bath introduces a four vector uµ, which is the velocity of the heat bath in addition to Pµ,
the four momentum of the external fermion. Now, in the case of noncentral heavy ion collisions,
when QGP can be generally identified by the presence of external anisotropic magnetic and electric
fields, the said heat bath is further considered to be in the vicinity of an external electromagnetic
field. In this case one can construct two more four vectors in the comoving frame of the heat
bath, i.e., nµ and eµ, thereby characterizing the previously mentioned magnetic and electric fields,
respectively. This is done by combining the electromagnetic field tensor Fµν or its dual F˜µν with
the fluid velocity uµ as
nµ ≡ 1
2B
µνρλ u
νF ρλ =
1
B
uνF˜µν = (0, 0, 0, 1), (5)
eµ =
1
E
uνFµν = (0, 1, 0, 0), (6)
where the external magnetic and electric fields are considered to be in the z and x directions,
respectively. This can further be justified by the structure of the electromagnetic field tensor
Fµν =

0 E 0 0
−E 0 −B 0
0 B 0 0
0 0 0 0
 (7)
which has been projected out along the four velocity, i.e. the rest frame of heat bath as uµ =
(1, 0, 0, 0). This also uniquely establishes a connection between the heat bath, the external mag-
netic field along the z direction and the external electric field along the x direction. The general
expression of Fµν in terms of the four vectors uµ, eµ and nµ in the local rest frame of the heat
bath is given by
Fµν = E
(
eµuν − eνuµ)+Bµνρλuρnλ. (8)
At this point we would also like to mention that in the rest part of our manuscript, following the
ideal magnetohydrodynamics approximation we consider eµ = 0, assuming the plasma in scrutiny
has an infinite electrical conductivity [65].
6The fermion self-energy Σ(P ) is 4× 4 matrix that can be constructed from Dirac γ matrices1.
The self-energy will also depend on four vectors Pµ, uµ and nµ. In the presence of the magnetic
field one can generally define
Pµ⊥ = P
µ − (P · u)uµ + (P · n)nµ, (9)
Pµq = (P · u)uµ − (P · n)nµ, (10)
p2⊥ = (P
µuµ)
2 − (Pµnµ)2 − PµPµ
= p21 + p
2
2 = −P 2⊥. (11)
As mentioned in the Introduction, in the present work we will be dealing with very strong external
anisotropic magnetic fields, which are of relevance for initial stages of a noncentral heavy-ion colli-
sions. In the presence of such strong magnetic fields (qfB  T 2), we usually confine ourselves in the
LLL. The reason for this assumption can be simply understood by looking at the dispersion relation
in the presence of an external magnetic field along z direction, i.e. En = p0 =
√
p23 +m
2
f + 2neB,
with n representing the number of Landau levels. As can be seen from the above expression, for
LLL, i.e. for n = 0, the dispersion relation is independent of eB; hence a higher value of eB does
not affect it, instead pushing all other HLLs (n 6= 0) far away from LLL (see Fig.1 of Ref [48]).
So, for strong enough eB, the energy gap becomes too large for a fermion to hop out of LLL and
realistically we can work only with LLL. In LLL with a strong field approximation (qfB  T 2),
an effective dimensional reduction takes place for fermions from (3+1) to (1+1) whereas gluons
move in usual (3+1) dimension [67]. In addition one has also a scale associated with the current
quark mass mf . In LLL the electrical conductivity is very sensitive to mf as it becomes infinite in
the massless limit. This is because in the massless limit (mf = 0) due to chirality conservation the
scattering processes are forbidden such that the electrical conductivity diverges without scatter-
ing [69]. We will also see below in Eq. (70) that the gluons acquire a screening mass msD ∼ g
√
qfB
(g is the QCD coupling). Since we are interested in finite temperature effect, we can consider
T  msD,mf . In this paper we will work in the following hierarchy qfB  T 2  (msD)2,m2f .
In the LLL the transverse component of the momentum, P⊥ = 0. Thus, Pµ reduces to P
µ
q . P
µ
q
can be written as a linear combination of uµ and nµ. In the chiral limit the general structure of
fermion self-energy in lowest Landau level can be written as
Σ(p0, p3) = a/u+ b/n+ cγ5/u+ dγ5/n, (12)
2 We note that the σµν do not appear due to antisymmetric nature of it in any loop order of self-energy.
7where /u = γ0 and /n = γ
3n3 = γ
3. Now, the various form factors can be obtained as
a =
1
4
Tr[Σ/u], (13)
b = −1
4
Tr[Σ/n], (14)
c =
1
4
Tr[γ5Σ/u], (15)
d = −1
4
Tr[γ5Σ/n]. (16)
Finally, using the chirality projectors we can express the general structure of the fermion self-energy
as,
Σ(P ) = PR /A PL + PL /B PR, (17)
where
/A = (a+ c)/u+ (b+ d)/n, (18)
/B = (a− c)/u+ (b− d)/n, (19)
PR = 1
2
(1 + γ5), (20)
PL = 1
2
(1− γ5). (21)
B. One loop quark self-energy in presence of a strong magnetic field
Using the modified fermion propagator in strong field approximation, one can right away write
down the quark self-energy in Feynman gauge from Fig. 1 as
Σ(P ) = −ig2CF
∫
d4K
(2pi)4
γµS(K)γ
µ∆(K − P ), (22)
where the unmodified gluonic propagator is given as
∆(K − P ) = 1
(k0 − p0)2 − (k − p)2 =
1
(K − P )2q − (k − p)2⊥
. (23)
and the modified fermion propagator in LLL is given by
iS(K) = ie−k
2
⊥/qfB
/Kq +mf
K2q −m2f
(1− iγ1γ2) . (24)
Now, the thermo-magnetic self-energy Σ(P ) can be written from Eq. (22) as
Σ(P ) = −ig2CF
∫
d4K
(2pi)4
e−k
2
⊥/qfBγµ
(/Kq +mf )
(K2q −m2f )
(1− iγ1γ2) γµ∆(K − P )
8PK
FIG. 1: Self-energy diagram for a quark in a strong magnetic field approximation. The double
line indicates the modified quark propagator in presence of strong magnetic field.
= −ig2CF
∫
d4K
(2pi)4
e−k
2
⊥/qfBγµ/Kq (1− iγ1γ2) γµ∆˜q(K)∆(K − P )
= −2g2CF
∑∫
{K}
e−k
2
⊥/qfB [(1 + iγ1γ2) /Kq] ∆˜q(K)∆(K − P ), (25)
where
∆˜q(K) =
1
k20 − k23
(26)
Also at finite temperature, the loop integration measure is replaced by∫
d4K
(2pi)4
−→ iT
∑
{k0}
∫
d3k
(2pi)3
−→ iT
∑
{k0}
∫
dk3
2pi
∫
d2k⊥
(2pi)2
. (27)
Now the expressions of form factors for a particular flavor f become
a =
1
4
Tr[Σ /u] = −2g
2CF
4
∑∫
{K}
e
− k
2
⊥
qfB Tr
[
(1 + iγ1γ2) /kq /u
]
∆˜q(K)∆(K − P )
= −2g2CF
∑∫
{K}
e
− k
2
⊥
qfB k0∆˜q(K)∆(K − P ), (28)
b = −1
4
Tr[Σ /n] =
2g2CF
4
∑∫
{K}
e
− k
2
⊥
qfB Tr
[
(1 + iγ1γ2) /kq /n
]
∆˜q(K)∆(K − P )
= 2g2CF
∑∫
{K}
e
− k
2
⊥
qfB k3∆˜q(K)∆(K − P ), (29)
c =
1
4
Tr[γ5Σ /u] = −2g
2CF
4
∑∫
{K}
e
− k
2
⊥
qfB Tr
[
γ5 (1 + iγ1γ2) /kq /u
]
∆˜q(K)∆(K − P )
= −2g2CF
∑∫
{K}
e
− k
2
⊥
qfB k3∆˜q(K)∆(K − P ), (30)
9d = −1
4
Tr[γ5Σ /n] =
2g2CF
4
∑∫
{K}
e
− k
2
⊥
qfB Tr
[
γ5(1 + iγ1γ2) /kq /n
]
∆˜q(K)∆(K − P )
= 2g2CF
∑∫
{K}
e
− k
2
⊥
qfB k0∆˜q(K)∆(K − P ). (31)
From the above four expressions it can be noted that b = −c and d = −a. These form factors will
be calculated in Appendix A.
C. Effective propagator and dispersion relation
The transverse momentum of the fermion becomes zero, i.e., P⊥ = 0, in LLL. Thus the effective
fermion propagator can be written using the Dyson-Schwinger equation as
Seff(Pq) =
1
/Pq + Σ
. (32)
Subsequently the inverse fermion propagator can be written as
S−1eff (P ) = /Pq + Σ (33)
= PR/LPL + PL/RPR, (34)
where
/L = /P + (a+ c)/u+ (b+ d)/n, (35)
/R = /P + (a− c)/u+ (b− d)/n. (36)
Now the effective propagator can be written as
Seff(Pq) = PR /R
R2
PL + PL /L
L2
PR. (37)
We have
L2 = (p0 + (a+ c))
2 − (p3 − (b+ d))2, (38)
R2 = (p0 + (a− c))2 −
(
p3 − (b− d)
)2
. (39)
Now putting a = −d and b = −c, one gets
L2 = p20 − p23 + 2(a− b)(p0 − p3) = (p0 − p3)(p0 + p3 + 2(a− b)), (40)
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R2 = p20 − p23 + 2(a+ b)(p0 + p3) = (p0 + p3)(p0 − p3 + 2(a+ b)). (41)
Various discrete symmetries of the effective two-point functions are discussed in detail in Ref. [40].
The form factors are calculated in Appendix A and given as
a = −d = −g
2CF
4pi2
[∑
f
qfB
p0
p20 − p23
ln 2−
∑
f
(qfB)
2 ζ
′(−2)
2T 2
p0(p
2
0 + p
2
3)
(p20 − p23)2
]
, (42)
b = −c = g
2CF
4pi2
[∑
f
qfB
p3
p20 − p23
ln 2−
∑
f
qfB
p3
2T 2
ζ ′(−2)
−
∑
f
(qfB)
2 ζ
′(−2)
T 2
p20p3
(p20 − p23)2
]
. (43)
The magnetic mass is found by taking the dynamic limit ofR2 and L2 in Eq. (37), i.e., R2|p→0,p0=0 =
L2|p→0,p0=0, and is given by
M2sfa =
g2CF
4pi2T 2
∑
f
(qfB) T
2 ln 4−
∑
f
(qfB)
2 ζ ′(−2)
 . (44)
One can notice that the magnetic mass is dependent on both magnetic field and temperature.
Now we discuss the dispersion properties of fermions in a hot magnetized medium. The disper-
sion curves are obtained by solving, L2 = 0 and R2 = 0 given in Eq. (37), numerically. There are
four modes, two come from L2 = 0 and two from R2 = 0. In LLL only two modes are allowed [40]:
one L mode with energy ωL of a positively charged fermion having spin up and another one from
R mode with energy ωR of a negatively charged fermion having spin-down. These two modes are
plotted in Fig. 2. In the LLL aproximation the transverse momentum of fermion becomes zero.
Thus the dynamics of the system becomes two dimensional. At high pz both the modes of disper-
sion resembles the free dispersion mode. We also note that the reflection symmetry is broken in
the presence of a magnetic field [40].
D. One-loop quark free energy in the presence of a strongly magnetized medium
The quark free energy can be written as
Fq = −dF
∑∫
{p0}
d3p
(2pi)3
ln
(
det[S−1eff (p0, p3)]
)
. (45)
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FIG. 2: Dispersion relation of the fermion in the presence of a strong magnetic field
Effective fermion self-energy can be written as
S−1eff = /Pq + Σ = (p0 + a)/u+ (b− p3)/n+ cγ5/u+ dγ5/n
= (p0 + a)γ
0 + (b− p3)γ3 + cγ5γ0 + dγ5γ3. (46)
Now we evaluate the determinant as
det[S−1eff ] =
(
(b+ c− p3)2 − (a+ d+ p0)2
)(
(−b+ c+ p3)2 − (a− d+ p0)2
)
= (p20 − p23)
(
(p0 + 2a)
2 − (p3 − 2b)2
)
= P 2q
(
P 2q + 4ap0 + 4bp3 + 4a
2 − 4b2)
= P 4q
(
1 +
4a2 − 4b2 + 4ap0 + 4bp3
P 2q
)
, (47)
where we have used d = −a and c = −b.
So Eq. (45) becomes
Fq = −dF
∑∫
{p0}
d3p
(2pi)3
ln
[
P 4q
(
1 +
4a2 − 4b2 + 4ap0 + 4bp3
P 2q
)]
= −2dF
∑∫
{p0}
d3p
(2pi)3
ln (−P 2q )− dF
∑∫
{p0}
d3p
(2pi)3
ln
[
1 +
4a2 − 4b2 + 4ap0 + 4bp3
P 2q
]
= F idealq + F
′
q, (48)
where the free energy of free quarks [25]
F idealq = −2dF
∑∫
{p0}
d3p
(2pi)3
ln (−P 2q ) = −2dF
∑
f
qfB
(2pi)2
∑∫
{p0}
dp3 ln (−P 2q )
12
= −dF
∑
f
qfBT
2
12
, (49)
and
F ′q = −dF
∑∫
{p0}
d3p
(2pi)3
ln
[
1 +
4a2 − 4b2 + 4ap0 + 4bp3
P 2q
]
= −dF
∑∫
{p0}
d3p
(2pi)3
[
4 (ap0 + bp3)
P 2q
+
4
(
a2P 2 − b2P 2 − 2a2p20 − 2b2p23 − 4abp0p3
)
P 4q
+O(g6)
]
, (50)
where we have kept terms up toO(g4) to obtain the analytic exprssion of free energy. The expansion
made above is valid for g2(qfB/T
2) < 1, which can be realized as (qfB)/T
2 & 1 and g  1.
As in the strong field approximation, the fermion is considered to be in LLL. So Eq. (50)
becomes,
F ′q = −dF
∑
f
qfB
(2pi)2
∑∫
{p0}
dp3
[
4 (ap0 + bp3)
P 2q
+
4
(
a2P 2 − b2P 2 − 2a2p20 − 2b2p23 − 4abp0p3
)
P 4q
+O(g6)
]
. (51)
The sum-integrals are calculated in Appendix (B), and the expression for the quark free energy up
to O(g4) is given by
Fq = −dF
∑
f
qfBT
2
12
− 4dF
∑
f
(qfB)
2
(2pi)2
g2CF
4pi2
(
Λ
4piT
)2 [ 1
8
(
4 ln 2− qfBζ
′
(−2)
T 2
)
+
1
24576
{
12288 ln 2(3γE + 4 ln 2− lnpi) + 256ζ[3]
pi4T 2
(
2pi4T 2 − 3g2CF (qfB) ln 2
+3pi2(qfB)(2 + 3γE + 4 ln 2− lnpi)
)
− 8g
2CF
pi6T 4
(qFB)
2ζ[3]2(4 + 105 ln 2)
+
7245g2CF
pi8T 6
(qFB)
3ζ[3]3
}]
= −dF
∑
f
qfBT
2
12
− 4dF
∑
f
(qfB)
2
(2pi)2
g2CF
4pi2
[
1
8
(
4 ln 2− qfBζ
′
(−2)
T 2
)
+
1
24576{
12288 ln 2
(
3γE + 2 ln Λˆ + ln 4− lnpi
)
+
256ζ[3]
pi4T 2
(
− 3CF g2qfB ln 2
+6pi2qfB ln Λˆ + 3pi
2qfB(2 + 3γE + ln 4− lnpi) + 2pi4T 2
)
− 8g
2CF
pi6T 4
(qfB)
2
×ζ[3]2(4 + 105 ln 2) + 7245g
2CF
pi8T 6
(qfB)
3ζ[3]3
}]
, (52)
where Λˆ = Λ/2piT . The quark free energy has O[(qfB)2 /] and O[(qfB)3 /T 2] divergences.
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IV. GLUONS IN A STRONG MAGNETIC FIELD
A. General structure of gauge boson free energy
The partition function for a gluon can generally be written in Euclidean space [21] as
Zg = ZZghost, Z = Nξ
∏
n,p
√
(2pi)D
detD−1µν,E
, Zghost =
∏
n,p
P 2E , (53)
where the product over p is for the spatial momentum whereas that over n is for the discrete bosonic
Matsubara frequencies (ωn = 2pinβ; n = 0, 1, 2, · · · ) due to Euclidean time, D is the spacetime
dimension of the theory. D−1µν,E is the inverse gauge boson propagator in Euclidean space with
P 2E = ω
2
n + p
2 the square of four momentum. Nξ = 1/(2piξ)
D/2 is the normalization that originates
from the introduction of a Gaussian integral at each location of position while averaging over the
gauge condition function with a width ξ, the gauge fixing parameter. Gluon free energy can now
be written [21] as
Fg = −dA T
V
lnZg = dA
1
2
∑∫
PE
ln
[
det
(
D−1µν,E(PE)
) ]
−
∑∫
PE
lnP 2E
 . (54)
We note that the presence of the normalization factorNξ eliminates the gauge dependence explicitly.
For an ideal case det
(
D−1µν,E(P )
)
= (P 2E)
4/ξ, and hence the free energy for dA massless spin
one gluons yields as
F idealg = dA
∑∫
PE
lnP 2E = dA
∑∫
P
ln
(−P 2) = −dApi2T 4
45
, (55)
where P is four-momentum in Minkowski space and can be written as P 2 = p20 − p2.
In the presence of thermal background medium [38, 70, 71] one can have
det
(
D−1µν,E(PE)
)
=
P 2E
ξ
(
P 2E + ΠT
)2 (
P 2E + ΠL
)
, (56)
which has four eigenvalues. Those are, respectively, P 2E/ξ, (P
2
E + ΠL), and twofold degenerate
(P 2E + ΠT ) where ΠT and ΠL, respectively, are the transverse and longitudinal part of the gluon
self-energy in a heat bath. Also we considered D = 4, and the spatial dimension, d = 3 throughout
this manuscript3. From now on, we use Minkowski momentum P . Eventually the free energy
becomes [21]
F thg =
1
2
∑∫
P
ln
(−P 2)+ 2∑∫
P
ln
(−P 2 + ΠT )+∑∫
P
ln
(−P 2 + ΠL)
−∑∫
P
ln
(−P 2) ,
3 We will also use d = 3− 2 for dimensional regularization.
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=
∑∫
P
ln
(−P 2 + ΠT )+ 1
2
∑∫
P
ln
(
1− ΠL
P 2
)
(57)
= dA
[
(d− 1)F Tg + FLg
]
, (58)
Also, FLg and F
T
g are, respectively, the longitudinal and transverse part of the gluon free energy.
Using general structure of two-0point functions of the gauge boson, both of them are evaluated in
Refs. [38, 70, 71].
Now, the general structure of the inverse propagator of a gauge boson in ther presence of a hot
magnetized medium is computed in Ref. [38] as
(Dµν)−1 = P
2
ξ
ηµν +
(
P 2m − b
)
Bµν +
(
P 2m − c
)
Rµν +
(
P 2m − d
)
Qµν , (59)
where
P 2m = P
2 ξ − 1
ξ
(60)
and b, c, d are the form factors corresponding to the three projection tensors Bµν ,Rµν and Qµν ,
respectively for gauge boson self-energy [38]. The determinant of the inverse of the gauge boson
propagator can be evaluated from Eq. (59) as
det
(
D−1µν,E(P )
)
= −P
2
ξ
(−P 2 + b) (−P 2 + c) (−P 2 + d) , (61)
which has four eigenvalues: −P 2/ξ, (−P 2 + b) , (−P 2 + c) , and (−P 2 + d). We note here that
one has two distinct transverse modes coming from (−P 2 + c) = 0 and (−P 2 + d) = 0 respectively,
in a thermomagnetic medium instead of a two fold degenerate transverse mode (−P 2 + ΠT ) = 0
in thermal medium in Eq. (56).
Using Eq. (61) in Eq. (54), the one-loop gluon free energy for hot magnetized medium is
given [38] by
Fg = dA
[F1g + F2g + F3g ] , (62)
where
F1g =
1
2
∑∫
P
ln
(
1− b
P 2
)
, (63a)
F2g =
1
2
∑∫
P
ln
(−P 2 + c) , (63b)
F3g =
1
2
∑∫
P
ln
(−P 2 + d) . (63c)
The various structure functions are obtained in Ref. [38] in both strong and weak field approxima-
tion. In the following sections we obtain the gluon free energy in strong field approximation.
15
B. Gluon free energy in a strongly magnetized hot and dense medium
P
Q = K − P
K
γµ γν P
FIG. 3: Self-energy diagram for a gluon in the strong magnetic field approximation. The double
line indicates the modified quark propagator in the presence of a strong magnetic field.
Within the strong field approximation (m2f < T
2 < qfB) the expressions for the different contribu-
tions of the gluon free energy in LLL can now be obtained from Eqs. (62). Combining Eqs. (63a),
(63b), and (63c) with Eq. (62), the total one-loop free energy expanded up to O[g4] is given by
Fg ≈ dA
∑∫
P
ln
(−P 2)− b+ c+ d
2P 2
− b
2 + c2 + d2
4P 4
 , (64)
where the expansion is made to obtain analytical expression for free energy which is valid for
g2(qfB/T
2) < 1, and it can be realized as (qfB)/T
2 & 1 and g  1.
Now the various structure functions involved therein are obtained in Ref. [38]. For simplicity
we consider mf = 0 with a hierarchy of scales as m
2
f ∼ m2th ∼ g2T 2 < T 2 < qfB and write down
those structure functions [38] as
b =
CAg
2T 2
3u¯2
[1− TP (p0, p)]−
∑
f
g2qfB
4pi2u¯2
e−p
2
⊥/2qfB
p23
p20 − p23
, (65a)
c =
CAg
2T 2
3
1
2
[
p20
p2
− P
2
p2
TP (p0, p)
]
, (65b)
d =
CAg
2T 2
3
1
2
[
p20
p2
− P
2
p2
TP (p0, p)
]
+
∑
f
g2qfB
4pi2u¯2
e−p
2
⊥/2qfB
p23
p20 − p23
, (65c)
where u¯2 = −p2/P 2, TP (p0, p) = p02p ln p0+pp0+p .
Now we write down various terms in Eq. (64) as∑∫
P
b+ c+ d
2P 2
=
CAg
2T 2
6
∑∫
P
1
P 2
16
∑∫
P
b2 + c2 + d2
4P 4
=
(
CAg
2T 2
3
)2
1
4
∑∫
P
{
3T 2p
2p4
+
1
2P 4
+
1
p2P 2
− 3Tp
p4
− Tp
p2P 2
}
+
1
2
∑
f1,f2
(
g2B
4pi2
)2
qf1qf2
∑∫
P
e
− p
2
⊥
2qf1
B e
− p
2
⊥
2qf2
B p
4
3
p4
(
p20 − p23
)2
+
∑
f
g2qfB
4pi2
CAg
2T 2
3
∑∫
P
e
− p
2
⊥
2qfB
p23
4
(
p20 − p23
) (3Tp
p4
− 3
p4
− 1
p2P 2
)
. (66)
In the strong field limit Eq. (64) becomes
Fg = dA
[∑∫
P
ln
(−P 2)− CAg2T 2
6
∑∫
P
1
P 2
−
(
CAg
2T 2
3
)2
1
4
∑∫
P
{
3T 2p
2p4
+
1
2P 4
+
1
p2P 2
− 3Tp
p4
− Tp
p2P 2
}
− 1
2
∑
f1,f2
(
g2B
4pi2
)2
qf1qf2
∑∫
P
e
− p
2
⊥
2qf1
B e
− p
2
⊥
2qf2
B
× p
4
3
p4
(
p20 − p23
)2 −∑
f
g2qfB
4pi2
CAg
2T 2
3
∑∫
P
e
− p
2
⊥
2qfB
p23
4
(
p20 − p23
)(3Tp
p4
− 3
p4
− 1
p2P 2
)]
. (67)
The first term in Eq. (67) gives us the free case. Using the sum-integrals listed in Eqs. (C1) -(C10),
the hard contribution of the one-loop gluon free energy in a strongly magnetized hot medium is
calculated in Appendix C and can be written as
F hardg =
dA
(4pi)2
[
1

{
− 1
8
(
CAg
2T 2
3
)2
+
g4T 4
96
∑
f1,f2
qf1B
qf2B
+
N2f g
4T 4
96
+
CANfg
4T 4
36
−
∑
f1,f2
g4(qf1B)(qf2B)
64pi4
+Nf
∑
f
g4T 2qfB
32pi2
−
∑
f
1
4pi2
CAg
4T 2qfB
6
(1 + ln 2)
}
− 16pi
4T 4
45
+
2CAg
2pi2T 4
9
+
1
12
(
CAg
2T 2
3
)2(
8− 3γE − pi2 + 4 ln 2− 3 ln Λˆ
2
)
+
Nfpi
2T 2
2
(
g2
4pi2
)2∑
f
qfB
(
2ζ ′(−1)
ζ(−1) − 1 + 2 ln Λˆ
)
+
N2f + ∑
f1,f2
qf1B
qf2B

× g
4T 4
32
(
2
3
ln
Λˆ
2
− 60ζ
′[4]
pi4
− 1
18
(25− 12γE − 12 ln 4pi)
)
− 1
2
(
g2
4pi2
)2
×
∑
f1,f2
qf1Bqf2B
(
ln
Λˆ
2
+ γE + ln 2
)
− CANfg
4T 4
36
(
1− 2ζ
′(−1)
ζ(−1) − 2 ln
Λˆ
2
)
−
∑
f
CAg
4T 2qfB
144pi2
(
pi2 − 4 + 12 ln Λˆ
2
− 2 ln 2
(
6γE + 4 + 3 ln 2− 6 ln Λˆ
2
)
+ 12γE
)]
.
(68)
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As it can be seen, F hardg has an O(1/) divergence from the HTL approximation as well as from
the thermomagnetic contribution.
We get the soft contribution of gluon free energy by considering soft gluon momentum (P ∼ gT )
with p0 = 0,
F softg ≈ dA
[
− (m
s
D)
3T
12pi
+O[]
]
, (69)
where the Debye mass in a strong field [21] is given by
(msD)
2 =
g2NcT
2
3
+
∑
f
g2qfB
4pi2
. (70)
The total gluonic contribution becomes
Fg = F
hard
g + F
soft
g . (71)
V. ANISOTROPIC PRESSURE OF DECONFINED QCD MATTER IN A STRONG
MAGNETIC FIELD
A. Renormalized free energy in a strong field approximation
Combining Eq. (1) and Eq. (71) one-loop free energy of deconfined QCD matter in the presence
of a strong magnetic field can be written as
F = Fq + F
hard
g + F
soft
g + F0 + ∆E0T + ∆EBT , (72)
which has O[1/] divergences in various orders (qfB). The O[(qfB)2] divergences present in the
free energy are regulated by redefining the tree level free energy B2/2 as
F0 =
B2
2
→ B
2
2
+4dF
∑
f
(qfB)
2
(2pi)2
g2CF
4pi2
ln 2
2
+
dA
(4pi)2
∑
f1,f2
g4qf1Bqf2B
64pi4︸ ︷︷ ︸
∆EB2
→ B
2
2
+ ∆EB2 . (73)
Now the other divergences of O[(qfB)0T 4], O[T 2(qfB)], and O[(qfB)3/T 2] are renormalized by
adding suitable counterterms as follows: the O[(qfB)0T 4] divergences are regulated through coun-
terterms as
∆E0T = ∆EHTLT + ∆ET
18
= dA
m4D
128pi2︸ ︷︷ ︸
∆EHTLT
− dA
(4pi)2
g4T 4
96
∑
f1,f2
qf1B
qf2B
+
N2f g
4T 4
96
+
CANfg
4T 4
36

︸ ︷︷ ︸
∆ET
, (74)
where mD is the Debye screening mass in the HTL approximation. Now the O[T 2(qfB)] and
O[(qfB)3/T 2] divergences are regulated through counterterms
∆EBT = −4dF
∑
f
(qfB)
3
(2pi)2
g2CF
4pi2
ζ
′
(−2)
8T 2
− dA
(4pi)2
[
Nfg
4T 2
32pi2
∑
f
qfB
−
∑
f
1
4pi2
CAg
4T 2qfB
6
(1 + ln 2)
]
. (75)
Now using Eqs. (52), (68), (69), (73), (74) and (75) in Eq. (72), one obtains renormalized
one-loop quark-gluon free energy in the presence of a strong magnetic field as
F = F rq + F
r
g +
B2
2
, (76)
where renormalized quark free energy F rq is given by
F rq = −dF
∑
f
qfBT
2
12
− 4dF
∑
f
(qfB)
2
(2pi)2
g2CF
4pi2
[
1
24576
{
12288 ln 2
(
3γE
+2 ln Λˆ + ln 16pi
)
+
256ζ[3]
pi4T 2
(
− 3CF g2qfB ln 2 + 6pi2qfB ln Λˆ + 3pi2qfB
× (2 + 3γE + ln 16pi) + 2pi4T 2
)
− 8g
2CF
pi6T 4
(qfB)
2ζ[3]2(4 + 105 ln 2)
+
7245g2CF
pi8T 6
(qfB)
3ζ[3]3
}]
, (77)
and the renormalized total gluon free energy containing both hard and soft contributions is given
as
F rg =
dA
(4pi)2
[
− 16pi
4T 4
45
+
2CAg
2pi2T 4
9
+
1
12
(
CAg
2T 2
3
)2(
8− 3γE − pi2 + 4 ln 2
−3 ln Λˆ
2
)
+
Nfpi
2T 2
2
(
g2
4pi2
)2∑
f
qfB
(
2ζ ′(−1)
ζ(−1) − 1 + 2 ln Λˆ
)
+
(
N2f +
∑
f1,f2
qf1B
qf2B
)
g4T 4
32
(
2
3
ln
Λˆ
2
− 60ζ
′[4]
pi4
− 1
18
(25− 12γE − 12 ln 4pi)
)
−1
2
(
g2
4pi2
)2 ∑
f1,f2
qf1Bqf2B
(
ln
Λˆ
2
+ γE + ln 2
)
− CANfg
4T 4
36
(
1− 2ζ
′(−1)
ζ(−1)
−2 ln Λˆ
2
)
−
∑
f
CAg
4T 2qfB
144pi2
(
pi2 − 4 + 12 ln Λˆ
2
− 2 ln 2
(
6γE + 4 + 3 ln 2
−6 ln Λˆ
2
)
+ 12γE
)]
− dA(m
s
D)
3T
12pi
. (78)
19
B. Longitudinal and transverse pressures
In the thermal background one can calculate QCD pressure from the free energy of the system
and the pressure is isotropic. Now in the presence of thermo-magnetic background, one has another
extensive parameter as external magnetic field B. In this case free energy can be written as
F(T, V,B) = Etotal − TS − eB · M,
where M is the magnetization. Free energy density in a finite spatial volume V is given by
F = F/V = total − Ts− eB ·M, (79)
where total is the total energy density and, the entropy density is given by
s = −∂F
∂T
, (80)
and the magnetization per unit volume is given by
M = − ∂F
∂(eB)
(81)
and the total energy density total =  + field.  is the energy density of the medium and field =
eB ·M . In the presence of a strong magnetic field the space becomes anisotropic, and one gets
different pressures [72] for directions parallel and perpendicular to the magnetic field. Longitudinal
and transverse pressures are given as
Pz = −F, P⊥ = −F − eB ·M = Pz − eB ·M. (82)
C. Pressure of ideal quark and gluon gas in a strong magnetic field
The free energy of an ideal quark-gluon gas in the absence of a magnetic field is given as
F idealT = −dF
7pi2T 4
180
− dApi
2T 4
45
, (83)
and the corresponding pressure reads as
P iT ≡ P idealT = dF
7pi2T 4
180
+ dA
pi2T 4
45
≡ (P qT )i + (P gT )i. (84)
The free energy of an ideal quark-gluon gas in the presence of a magnetic field is given by
F ideal = F idealq + F
ideal
g
20
= −dF
∑
f
(qfB)
T 2
12
− dApi
2T 4
45
. (85)
As seen the quarks are affected by the magnetic field whereas the electric charge less gluons are
not affected by the magnetic field. The quark contribution in the presence of a strong magnetic
field makes the ideal quark-gluon gas pressure anisotropic. The ideal longitudinal pressure is given
by
P iz ≡ P idealz = −F ideal
= dF
∑
f
(qfB)
T 2
12
+ dA
pi2T 4
45
≡ (P qz )i + (P gz )i. (86)
Magnetization of the ideal quark-gluon gas is calculated using Eq. (81) as
M ideal = −∂F
ideal
∂(eB)
= dF
∑
f
qfT
2
12
. (87)
As found, the magnetization of a ideal quark-gluon gas in LLL in the presence of a strong magnetic
field is independent of the magnetic field. In LLL positive charge particles with spin-up align along
the magnetic field direction, whereas negative charge particles with spin-down align opposite to the
magnetic field direction. Because of this the system remains in a minimum free energy configuration
with respect to eB. Now even if one increases the magnetic field the spin alignment does not change;
thus for given a T the ideal quark-gluon gas acquires a constant magnetization. However, if one
increases T , the spin alignment in LLL again does not change but the increased thermal motion
along the field direction can result in an increase of magnetization.
Now the ideal transverse pressure of the quark-gluon gas can be written using Eq. (82) as
P i⊥ ≡ P ideal⊥ = dA
pi2T 4
45
(88)
We note that the transverse pressure of ideal magnetized quark-gluon gas is independent of the
magnetic field and is the same as the ideal gluon pressure. As discussed above the gluons are not
affected by the magnetic field and contribute to this isotropic pressure. On the other hand quarks
have momenta only along the z direction in LLL and contribute only to the longitudinal pressure.
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VI. RESULTS
We use one-loop running coupling constant that evolves on both the momentum transfer and
the magnetic field [73] as
αs(Λ
2, |eB|) = αs(Λ
2)
1 + b1 αs(Λ2) ln
(
Λ2
Λ2 + |eB|
) , (89)
in the strong magnetic field domain |eB| > Λ2. The one-loop running coupling in the absence of a
magnetic field at the renormalization scale is given as
αs(Λ
2) =
1
b1 ln
(
Λ2/Λ2
MS
) , (90)
where b1 = (11Nc − 2Nf )/12pi and ΛMS = 176 MeV [74] at αs(1.5 GeV) = 0.326 for Nf = 3. The
renormalization scale is chosen as Λ = 2piT . The renormalization scale can be varied by a factor of 2
with respect to its central value. Furthermore, we are interested in the thermomagnetic correction
here and hence we will drop the tree level vacuum contribution B2/2 from our discussion. We
also note that some orders of coupling g are not complete in one-loop HTL calculation. To have
a complete picture of pressure up to a specific order of g, one needs to perform higher loop order
calculation. However, as a first effort we confine ourselves in one loop calculation here.
(Pzq)i;|eB|=15mπ2
(Pzq)i ;|eB|=30mπ2
(PT q)i
��� ��� ��� ��� ��� �������
����
����
����
����
����
����
����
�[���]
�[��
�]�
FIG. 4: Variation of ideal quark pressure with and without a magnetic field as a function of
temperature.
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For ideal quark-gluon gas the gluons remain unaffected but quarks are strongly affected in the
presence of a magnetic field. So in Fig. 4 we display a variation of the ideal quark pressure with
[(P qz )i in Eq. (86)] and without [(P
q
T )
i in Eq. (84)] magnetic field as a function of temperature. The
ideal quark pressure,(P qz )i , in the presence of a magnetic field is proportional to (eB)T 2 whereas
that in the absence of a magnetic field, (P qT )
i, is proportional to T 4. For a given magnetic field,
T 2 dominates at low T whereas T 4 dominates at high T , and thus a crossing takes place at an
intermediate temperature as seen in Fig. 4. Also the ideal longitudinal pressure increases linearly
with the increase of the magnetic field as can be seen from Eq. (86).
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FIG. 5: Variation of one-loop longitudinal pressure as a function of temperature for different
values of the magnetic field (left panel) and as a function of the magnetic field at different
temperatures (right panel) for Nf = 3 and the central value of the renormalization scale,
Λ = 2piT . Dashed curves represent ideal longitudinal pressure.
The left panel of Fig. 5 displays a comparison of one-loop longitudinal pressure (solid curve) and
ideal pressure (dashed curve) with temperatures for different values of field strength, whereas the
right panel displays the same but with the strength of the magnetic field for different temperatures.
In both cases one-loop pressure increases with the increase in temperature and field strength,
respectively. However, the one-loop interacting pressure is higher than that of the ideal one in both
panels. This enhancement can be understood as follows: in one-loop order both the effective quark
two-point function and the effective gluon two-point function containing a quark loop are strongly
affected in the presence of the magnetic field, which contribute to the additional pressure compared
to the ideal case. For a given magnetic field this enhancement is stronger in the temperature domain
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FIG. 6: Variation of the one-loop longitudinal pressure scaled with the ideal longitudinal pressure
as a function of temperature (left panel) for different values of the magnetic field and as a
function of the magnetic field (right panel) for different temperatures with Nf = 3.
(300 − 500) MeV as can be seen from the scaled pressure with with ideal one (Pz/P iz) in the left
panel of Fig. 6. However, this enhancement gradually decreases with increase of temperature and
approaches to ideal value at high temperature. For a given temperature the ratio (Pz/P
i
z) increases
with the increase of magnetic field strength as found in the right panel of Fig. 6. This is because
P iz has linear dependence on eB whereas Pz has a higher power dependence on eB.
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FIG. 7: Variation of magnetization with temperatures for different magnetic fields (left panel)
and with magnetic fields for various temperatures (right panel).
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The magnetization of an ideal quark-gluon gas in the presence of a magnetic field has already been
discussed in Sec. V C. Now the magnetization of an interacting quark-gluon system is calculated
using Eq. (81) and it is proportional to [aT 2 +b(eB)+c(eB)2/T 2 +d(eB)3/T 4 +f(eB)4/T 6] which
is plotted in Fig. 7. So for a given value of eB, at low T limit 1/Tn with n = 2, 4, 6 terms dominate
but are restricted by the scale gT , whereas at high T , T 2 terms dominate which is seen from the left
panel. In contrast to the ideal quark-gluon gas the magnetization of an interacting quark-gluon
system increases with the magnetic field that is displayed in the right panel.4 This trend is in
agreement with LQCD results [75]. In the strong magnetic field approximation g2T 2 < T 2 < eB,
the magnetization acquires positive values with range 0 < M < 1. So the deconfined QCD matter in
the presence of a strong magnetic field within one-loop HTL approximation shows a paramagnetic
nature (i.e., magnetization is parallel to the field direction) [75]. Since the magnetization in a
strong field limit increases with the magnetic field, it causes an increase in pressure of the system
along the field direction, i.e., longitudinal direction. This in turn also strongly affects the transverse
pressure as we would see below.
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FIG. 8: Variation of the one-loop transverse pressure as a function of temperature for various
magnetic fields (left panel) and as a function of magnetic fields for different temperatures (right
panel). Dashed curves represent the ideal transverse pressure.
One-loop transverse pressure is calculated using Eq. (82). It is evident from Eq. (82) and from the
left panel of Fig. 8 that the one-loop transverse pressure increases with temperature and shows
4 Even if the fermions are in LLL, the magnetization increases with magnetic field due to interactions.
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a nature similar to longitudinal pressure (left panel of Fig. 5) but lower in magnitude. Dashed
lines represent the transverse ideal pressure which is independent of a magnetic field as given in
Eq. (88). For a given high value of a magnetic field the pressure starts with a lower value than
that of the ideal gas particularly at low T , and then a crossing takes place. This could also be
understood from the right panel. In the right panel the transverse pressure is displayed as a
function of the magnetic field for two different temperatures. Also the dashed lines here represent
the ideal transverse pressure that is independent of the magnetic field. The transverse pressure for
the interacting case is given in Eq. (82) as P⊥ = Pz − eB ·M . Now for a given temperature its
variation is very slow (or almost remain unaltered) with a lower value of the magnetic field because
there is a competition between Pz and eBM . Since the magnetization M increases steadily with
magnetic the field (right panel of Fig. 7) the transverse pressure, P⊥, tends to decrease, falls below
the ideal gas value and may even go to negative values for low T at a large value of the magnetic
field. This is an indication that the system may shrink in the transverse direction [75].
VII. CONCLUSION
We consider the deconfined QCD matter in the presence of the strong background magnetic
field within the HTL approximation. Quarks are directly affected by the external magnetic field.
In strong field approximation we assume the quarks are in the lowest Landau level. Gluons are
affected through the quark loop in the gluon two-point function. Hard and soft contributions of
quark-gluon free energy are calculated within the one-loop HTL approximation. Various divergent
terms are eliminated by choosing appropriate counterterms in the MS renormalization scheme.
In the presence of a strong magnetic field the hot QCD matter acquires paramagnetic nature.
The presence of magnetization makes the system anisotropic and one gets different pressures in
direction parallel and perpendicular to the magnetic field. Both longitudinal (along magnetic field
direction) and transverse (perpendicular to the magnetic field direction) pressures are evaluated
completely analytically by calculating the magnetization of the system. Various thermodynamic
properties can be studied using the obtained free energy here. Moreover, the anisotropic pressure
obtained here may be useful for a magnetohydrodynamics description and analysis of elliptic flow
of hot and dense deconfined QCD matter created in heavy-ion collisions. Finally we note that
since we have considered the one-loop HTL perturbation theory up to O[g4], O[g2] and O[g4] are
incomplete. The present result could be improved by going to higher loop orders.
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Appendix A: Calculation of form factors
Before computing the quark form factors, we first decompose the transverse and the longitudinal
parts from the expression of the self-energy in Eq. (25). Considering the transverse parts of the
fermionic momenta to be relatively weaker in the strong field limit, we make an assumption that
(K − P )⊥ < (K − P )q. Then we can write down the gluonic propagator as
∆(K − P ) = 1
(K − P )2q − (k − p)2⊥
=
1
(K − P )2q
[
1− (k − p)
2
⊥
(K − P )2q
]−1
≈ 1
(K − P )2q
(
1 +
(k − p)2⊥
(K − P )2q
)
= ∆q(K − P ) + (k − p)2⊥∆2q (K − P ). (A1)
1. Calculation of quark form factor a
We calculate the form factor a by using Eqs. (28) and (A1) as
a =
1
4
Tr[Σ/u] = −2g2CF
∑∫
{K}
e
− k
2
⊥
qfB
[
k0
K2q (K − P )2q
+ (k − p)2⊥
k0
K2q (K − P )4q
]
= −2g2CF
∫
d3k
(2pi)3
e
− k
2
⊥
qfB
[
T2 + (k − p)2⊥T4
]
= −2g2CF
∫ ∞
−∞
dk3
2pi
[
qfB
4pi
T2 +
qfB
4pi
(p2⊥ + qfB) T4
]
= −g
2CF (qfB)
4pi2
∫ ∞
−∞
dk3
[
T2 + (p
2
⊥ + qfB) T4
]
, (A2)
where
T2 =
∑ k0
K2q (K − P )2q
,
T4 =
∑ k0
K2q (K − P )4q
= − 1
2k3
∂T2
∂p3
. (A3)
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Here we also note that in LLL, p⊥ = 0. Now
T2 = − 1
4q3
[
(1 + nB(q3)− nF (k3))
(
1
p0 + k3 + q3
+
1
p0 − k3 − q3
)
+
(
nB(q3) + nF (k3)
)( 1
p0 − k3 + q3 +
1
p0 + k3 − q3
)]
≈ − 1
4k3
[(
nB(k3)− p3∂nB(k3)
∂k3
+ nF (k3)
)(
1
p0 − p3 +
1
p0 + p3
)]
= − 1
4k3
[
nF (k3) +
(
nB(k3)− p3∂nB(k3)
∂k3
)]
2p0
p20 − p23
. (A4)
∫ ∞
−∞
dk3 T2 =
2p0
p20 − p23
[
− 1
4
∫
dk3
k3
(
nF (k3) + nB(k3)− p3∂nB
∂k3
)]
≈ 2p0
p20 − p23
[
− 1
2
∫ ∞
0
dk3
nF
k3
− 1
2
∫ ∞
0
dk3
nB
k3
]
=
p0
p20 − p23
[(
1
4
+
γE
2
+
1
2
ln
2
pi
)
+
(
− 1
4
− γE
2
+
1
2
ln 2pi
)]
+O[]
=
p0
p20 − p23
ln 2. (A5)
Similarly, we get ∫ ∞
−∞
dk3 T4 = −1
2
∂
∂p3
∫ ∞
−∞
dk3
k3
T4
= −ζ
′(−2)
2T 2
p0(p
2
0 + p
2
3)
(p20 − p23)2
. (A6)
So
a = −d = −g
2CF (qfB)
4pi2
[
p0
p20 − p23
ln 2− qfBζ
′(−2)
2T 2
p0(p
2
0 + p
2
3)
(p20 − p23)2
]
. (A7)
2. Calculation of quark form factor b
Similarly, one can calculate b from Eqs. (29) and (A1) as
b = −1
4
Tr[Σ/n] = 2g2CF
∑∫
{K}
e
− k
2
⊥
qfB
[
k3
K2q (K − P )2q
+ (k − p)2⊥
k3
K2q (K − P )4q
]
= 2g2CF
∫
d3k
(2pi)3
e
− k
2
⊥
qfB k3
[
T1 + (k − p)2⊥T3
]
= 2g2CF
∫ ∞
−∞
dk3
2pi
k3
[
qfB
4pi
T1 +
qfB
4pi
(qfB) T3
]
=
g2CF (qfB)
4pi2
∫ ∞
−∞
dk3 k3 [T1 + qfB T3] , (A8)
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where
T1 =
∑ 1
K2q (K − P )2q
,
T3 =
∑ 1
K2q (K − P )4q
= − 1
2k3
∂T1
∂p3
. (A9)
Now
T1 =
1
4k3q3
[
(1 + nB(q3)− nF (k3))
(
1
p0 + k3 + q3
− 1
p0 − k3 − q3
)
+ (nB(q3) + nF (k3))
(
1
p0 + k3 − q3 −
1
p0 − k3 + q3
)]
≈ 1
4k23
[(
nB(k3)− p3∂nB(k3)
∂k3
− nF (k3)
)
1
k3
+
(
nB(k3)− p3∂nB(k3)
∂k3
+nF (k3)
)(
1
p0 + p3
− 1
p0 − p3
)]
=
1
4k23
[(
nB(k3)− p3∂nB(k3)
∂k3
− nF (k3)
)
1
k3
+
(
nB(k3)− p3∂nB(k3)
∂k3
+ nF (k3)
)( −2p3
p20 − p23
)]
. (A10)
Let
∫ ∞
−∞
dk3 k3 T1 = I1 with (A11)
I1 =
∫ ∞
−∞
dk3
1
4k3
[(
nB(k3)− p3∂nB(k3)
∂k3
− nF (k3)
)
1
k3
+
(
nB(k3)− p3∂nB(k3)
∂k3
+ nF (k3)
)( −2p3
p20 − p23
)]
. (A12)
The fermion part of I1 can be written as
−
∫ ∞
−∞
dk3
nF (k3)
4k3
(
1
k3
+
2p3
p20 − p23
)
≈ −
∫ ∞
0
dk3
1
4
(
2nF
k3
2p3
p20 − p23
)
=
p3
p20 − p23
[
1
4
+
γE
2
+
1
2
ln
2
pi
]
+O[]. (A13)
The bosonic part of I1 is given as∫ ∞
−∞
dk3
1
4k3
(
nB(k3)− p3dnB
dk3
)(
1
k3
− 2p3
p20 − p23
)
≈ 1
4
[
−2
∫ ∞
0
dk3
nB(k3)
k3
2p3
p20 − p23
− 2
∫ ∞
0
dk3
p3
k23
dnB
dk3
]
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=
1
4
[
−2
∫ ∞
0
dk3
nB(k3)
k3
2p3
p20 − p23
− 2p3
T
∂
∂β
∫ ∞
0
dk3
nB(k3)
k33
]
=
p3
p20 − p23
(
− 1
4
− γE
2
+
1
2
ln 2pi
)
− p3ζ
′[−2]
2T 2
+O[]. (A14)
After combining (A13) and (A14), I1 can be written as
I1 =
p3
p20 − p23
ln 2− p3ζ
′[−2]
2T 2
, (A15)
∫ ∞
−∞
dk3 k3 T3 = −1
2
∂
∂p3
∫
dk3 T1
≈ −1
2
∂
∂p3
[
− 1
2
∫ ∞
0
dk3
nF (k3)
k33
+
1
2
∫ ∞
0
dk3
nB(k3)
k33
+
p3
T (p20 − p23)
∂
∂β
∫ ∞
0
dk3
nB(k3)
k33
]
= −ζ[−2]
T 2
p20p3
(p20 − p23)2
. (A16)
So,
b = −c = g
2CF (qfB)
4pi2
[
p3
p20 − p23
ln 2− p3
2T 2
ζ ′(−2)− qfBζ
′(−2)
T 2
p20p3
(p20 − p23)2
]
. (A17)
Appendix B: One-loop sum-integrals for quark free energy
We write the form factors a and b as
a = c1
[
p0
p20 − p23
c2 − d1 p0(p
2
0 + p
2
3)
(p20 − p23)2
]
= c1
[
p0
P 2
c2 − d1
(
p0
P 2
+
2p0p
2
3
P 4
)]
,
b = −c1
[
p3
p20 − p23
c2 − p3d2 − 2d1 p
2
0p3
(p20 − p23)2
]
= −c1
[
p3
P 2
c2 − p3d2 − 2d1
(
p3
P 2
+
p33
P 4
)]
, (B1)
where
c1 = −g
2CF (qfB)
4pi2
, c2 = ln 2 , d1 = qfB
ζ ′(−2)
2T 2
, d2 =
1
2T 2
ζ ′(−2). (B2)
Now one can write the following frequency sum as
∑∫
{p0}
ap0
P 2q
= c1
∑∫
{p0}
[
(c2 − d1) 1
P 2q
+ (c2 − d1) p
2
3
P 4q
− 2d1
(
p23
P 4q
+
p43
P 6q
)]
, (B3)
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∑∫
{p0}
bp3
P 2q
= −c1
∑∫
{p0}
[
(c2 − 2d1) p
2
3
P 4q
− d2 p
2
3
P 2q
− 2d1 p
4
3
P 6q
]
, (B4)
∑∫
{p0}
a2
P 2q
= c21
∑∫
{p0}
[
p20
P 6q
(ln 2)2 + d21
p20(p
2
0 + p
2
3)
2
P 10
− 2d1 p
2
0(p
2
0 + p
2
3)
P 8q
ln 2
]
= c21
∑∫
{p0}
[
(c2 − d1)2 1
P 4q
+
(
c22 + 5d
2
1 − 6c2d1
) p23
P 6q
+ 4d1 (2d1 − c2)
× p
4
3
P 8q
+ 4d21
p63
P 10q
]
, (B5)
∑∫
{p0}
b2
P 2q
= c21
∑∫
{p0}
[
(c2 − 2d1)2 p
2
3
P 6q
+ 4d21
p63
P 10q
+ 4d1 (2d1 − c2) p
4
3
P 8q
+ 2d2 (2d1 − c2) p
2
3
P 4q
+ 4d1d2
p43
P 6q
]
, (B6)
∑∫
{p0}
a2p23
P 4q
= c21
∑∫
{p0}
[
(c2 − d1)2 p
2
3
P 6q
+
(
c22 + 5d
2
1 − 6c2d1
) p43
P 8q
+ 4d1 (2d1 − c2)
× p
6
3
P 10q
+ 4d21
p83
P 12q
]
, (B7)
∑∫
{p0}
b2p23
P 4q
= c21
∑∫
{p0}
[
(c2 − 2d1)2 p
4
3
P 8q
+ 4d21
p83
P 12q
+ 4d1 (2d1 − c2) p
6
3
P 10q
+ 2d2 (2d1 − c2) p
4
3
P 6q
+ 4d1d2
p63
P 8q
]
, (B8)
∑∫
{p0}
abp0p3
P 4q
= c21
∑∫
{p0}
[
(c2 − d1) (c2 − 2d1) p
2
3
P 6q
− d2 (c2 − d1) p
2
3
P 4q
+ {(c2 − d1) (c2 − 6d1) + 2d21}
p43
P 8q
+ d2 (3d1 − c2) p
4
3
P 6q
+ 2d1 (5d1 − 2c2) p
6
3
P 10q
+ 2d1d2
p63
P 8q
+ 4d21
p83
P 12q
]
. (B9)
So F ′q in Eq. (50) becomes
F ′q = −4dF
∑
f
qfB
(2pi)2
∑∫
{p0}
dp3
[
ap0
P 2q
+
bp3
P 2q
− a
2
P 2q
− b
2
P 2q
− 2a
2p23
P 4q
− 2b
2p23
P 4q
− 4abp0p3
P 4q
]
(B10)
= −4dF
∑
f
qfB
(2pi)2
[
c1(c2 − d1)
∑∫
{p0}
1
P 2q
− c1
(
d1 − 6c1c2d2
+8c1d1d2
)∑∫
{p0}
p23
P 4q
+ 8c21d2 (c2 − 3d1)
∑∫
{p0}
p43
P 6q
− 16c21d1d2
∑∫
{p0}
p63
P 8q
31
+c1d2
∑∫
{p0}
p23
P 2q
− c21 (c2 − d1)2
∑∫
{p0}
1
P 4q
− c21
(
8c22 − 26c2d1 + 19d21
)
∑∫
{p0}
p23
P 6q
− 2c21 (2c2 − 11d1) (2c2 − 3d1)
∑∫
{p0}
p43
P 8q
− 16c21d1 (−2c2 + 5d1)
×
∑∫
{p0}
p63
P 10q
− 32c21d21
∑∫
{p0}
p83
P 12q
]
. (B11)
Now we calculate the frequency sums as
∑
{p0}
1
P 4q
=
1
2p3
∂
∂p3
∑
{p0}
1
P 2q
,
∑
{p0}
1
P 6q
=
1
4p3
∂
∂p3
∑
{p0}
1
P 4q
,
∑
{p0}
1
P 8q
=
1
6p3
∂
∂p3
∑
{p0}
1
P 6q
,
∑
{p0}
1
P 10q
=
1
8p3
∂
∂p3
∑
{p0}
1
P 8q
. (B12)
One can calculate
∑
{p0}
1
P 2q
= − 1
2p3
(
1− 2nF (p3)
)
, (B13)
Thus using Eq. (B13) in Eq. (B12), one can write
∑
{p0}
1
P 4q
=
1
2p3
∂
∂p3
(∑
{p0}
1
P 2q
)
≈ 1
2p3
∂
∂p3
[
nF (p3)
p3
]
=
1
2p3
[
β
p23
∂nF (p3)
∂β
− nF (p3)
p23
]
. (B14)
Now we perform the sum-integrals in Eq. (B11) as
∑∫
{p0}
1
P 4q
=
(
eγEΛ2
4pi
) ∫ ∞
−∞
d1−2p3
(
β
∂
∂β
− 1
)
nF (p3)
2p33
≈ 2
(
eγEΛ2
4pi
) ∫ ∞
0
d1−2p3
(
β
∂
∂β
− 1
)
nF (p3)
2p33
≈
(
Λ
4piT
)2 [
−7
2
ζ
′
(−2)
T 2
+O()
]
, (B15)
∑∫
{p0}
p23
P 6q
=
(
eγEΛ2
4pi
) ∫ ∞
−∞
d1−2p3
(
β2
∂2
∂β2
− 3β ∂
∂β
+ 3
)
nF (p3)
8p33
≈
(
Λ
4piT
)2 [7
8
ζ
′
(−2)
T 2
+O()
]
, (B16)
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∑∫
{p0}
p43
P 8q
=
(
eγEΛ2
4pi
) ∫ ∞
−∞
d1−2p3
(
β3
∂3
∂β3
− 6β2 ∂
2
∂β2
+ 15β
∂
∂β
− 15
)
nF (p3)
48p33
≈
(
Λ
4piT
)2 [
− 7
16
ζ
′
(−2)
T 2
+O()
]
, (B17)
∑∫
{p0}
p63
P 10q
=
(
eγEΛ2
4pi
) ∫ ∞
−∞
d1−2p3
(
β4
∂4
∂β4
− 10β3 ∂
3
∂β3
+ 45β2
∂2
∂β2
− 105β ∂
∂β
+105
)
nF (p3)
384p33
≈
(
Λ
4piT
)2 [ 35
256
ζ
′
(−2)
T 2
+O()
]
, (B18)
∑∫
{p0}
p83
P 12q
=
(
eγEΛ2
4pi
) ∫ ∞
−∞
d1−2p3
(
β5
∂5
∂β5
− 15β4 ∂
4
∂β4
+ 105β3
∂3
∂β3
−420β2 ∂
2
∂β2
+ 945β
∂
∂β
− 945
)
nF (p3)
3840p33
≈
(
Λ
4piT
)2 [
− 49
256
ζ ′(−2)
T 2
+O()
]
. (B19)
(B20)
Similarly one can calculate∑∫
{p0}
1
P 2q
=
(
eγEΛ2
4pi
) ∫ ∞
−∞
d1−2p3
nF (p3)
p3
≈
(
Λ
4piT
)2 [
− 1
2
− 1
2
(3γE + 4 ln 2− lnpi) +O()
]
, (B21)
∑∫
{p0}
p23
P 4q
=
(
eγEΛ2
4pi
) ∫ ∞
−∞
d1−2p3
(
β
∂
∂β
− 1
)
nF (p3)
2p3
≈
(
Λ
4piT
)2 [ 1
4
+
1
4
(−2 + 3γE + 4 ln 2− lnpi) +O()
]
, (B22)
∑∫
{p0}
p43
P 6q
=
(
eγEΛ2
4pi
) ∫ ∞
−∞
d1−2p3
(
β2
∂2
∂β2
− 3β ∂
∂β
+ 3
)
nF (p3)
8p3
≈
(
Λ
4piT
)2 [
− 3
16
− 3
16
(
−8
3
+ 3γE + 4 ln 2− lnpi
)
+O()
]
, (B23)
∑∫
{p0}
p63
P 8q
=
(
eγEΛ2
4pi
) ∫ ∞
−∞
d1−2p3
(
β3
∂3
∂β3
− 6β2 ∂
2
∂β2
+ 15β
∂
∂β
− 15
)
nF
48p3
≈
(
Λ
4piT
)2 [ 5
32
+
5
32
(
−46
15
+ 3γE + 4 ln 2− lnpi
)
+O()
]
, (B24)
∑∫
{p0}
p23
P 2q
=
(
Λ
4piT
)2 [pi2T 2
6
+O()
]
. (B25)
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Using the above sum-integrals in Eq. (B11) F ′q up to O(g4) can be written as,
F ′q = −4dF
∑
f
(qfB)
2
(2pi)2
g2CF
4pi2
(
Λ
4piT
)2 [ 1
8
(
4 ln 2− qfBζ
′
(−2)
T 2
)
+
1
24576
×
{
12288 ln 2(3γE + 4 ln 2− lnpi) + 256ζ[3]
pi4T 2
(
2pi4T 2 − 3g2CF (qfB) ln 2
+3pi2(qfB)(2 + 3γE + 4 ln 2− lnpi)
)
− 8g
2CF
pi6T 4
(qFB)
2ζ[3]2(4 + 105 ln 2)
+
7245g2CF
pi8T 6
(qFB)
3ζ[3]3
}]
. (B26)
Appendix C: HTL One-loop sum-integrals for gluon free energy
∑∫
P
1
P 2
= −T
2
12
(
Λ
4piT
)2 [
1 + 2
(
1 +
ζ ′(−1)
ζ(−1)
)]
+O[]2, (C1)
∑∫
P
1
p2P 2
= − 2
(4pi)2
(
Λ
4piT
)2 [1

+ 2γE + 2 + 
(
4 + 4γE +
pi2
4
− 4γ1
)]
+O[]2, (C2)∑∫
P
1
P 4
=
1
(4pi)2
(
Λ
4piT
)2 [1

+ 2γE + 
(
pi2
4
− 4γ1
)]
+O[]2, (C3)
∑∫
P
Tp
p2P 2
=
∑∫
P
〈
1− c2+1
1− c2
〉
c
1
p2P 2
= − 2
(4pi)2
(
Λ
4piT
)2(
ln 2 +
(
pi2
6
− (2− ln 2) ln 2
)

)[
1

+ 2γE + 2
+
(
4 + 4γE +
pi2
4
− 4γ1
)]
= − 2
(4pi)2
(
Λ
4piT
)2 [1

ln 2 +
pi2
6
+ (ln 2)2 + 2γE ln 2
]
, (C4)
∑∫
P
Tp
p4
=
∑∫
P
〈
c2+1
〉
c
1
p2P 2
= − 2
(4pi)2
(
Λ
4piT
)2{1
2
+ (−1 + ln 2) 
}[
1

+ 2γE + 2
+
(
4 + 4γE +
pi2
4
− 4γ1
)]
= − 2
(4pi)2
(
Λ
4piT
)2 [ 1
2
+ (γE + ln 2)
]
, (C5)
34
∑∫
P
T 2p
p4
=
∑∫
P
〈
c2+31 − c2+32
c21 − c22
〉
c
1
p2P 2
= − 2
(4pi)2
(
Λ
4piT
)2(1
3
(1 + 2 ln 2) +
2
9
(−5 + ln 2 (5 + 3 ln 2)) 
)
×
[
1

+ 2γE + 2 + 
(
4 + 4γE +
pi2
4
− 4γ1
)]
= − 2
(4pi)2
(
Λ
4piT
)2 [ 1
3
(1 + 2 ln 2) +
2
9
(
− 2 + 3 (ln 2)2
+γE(3 + 6 ln 2) + 11 ln 2
)]
. (C6)
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. (C7)
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. (C8)
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. (C10)
Using Eqs. (C1)-(C10) in Eq. (67) one can get an expression for gluon free energy in a strongly
magnetized medium computed up to O[g4] as
Fg = dA
1
(4pi)2
[
1

{
− 1
8
(
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2T 2
3
)2
+
∑
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96
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